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Abstract

We show that every d-dimensional probability distribution of bounded support can be generated through deep
ReLU networks out of a 1-dimensional uniform input distribution. What is more, this is possible without incurring
a cost—in terms of approximation error measured in Wasserstein-distance—relative to generating the d-dimensional
target distribution from d independent random variables. This is enabled by a vast generalization of the space-filling
approach discovered in [2]]. The construction we propose elicits the importance of network depth in driving the
Wasserstein distance between the target distribution and its neural network approximation to zero. Finally, we find
that, for histogram target distributions, the number of bits needed to encode the corresponding generative network
equals the fundamental limit for encoding probability distributions as dictated by quantization theory.

I. INTRODUCTION

Deep neural networks have been employed very successfully as generative models for complex natural data such as
images [21], [14] and natural language [4], [26]]. Specifically, the idea is to train deep networks so that they realize
complex high-dimensional probability distributions by transforming samples taken from simple low-dimensional
distributions such as uniform or Gaussian [15], [11]], [IL].

Generative networks with output dimension higher than the input dimension occur, for instance, in language
modelling where deep networks are used to predict the next word in a text sequence. Here, the input layer size is
determined by the dimension of the word embedding (typically ~ 100) and the output layer, representing a vector
of probabilities for each of the words in the vocabulary, is of the size of the vocabulary (typically ~ 100k). Another
example where the dimension of the output distribution is mandated to be higher than that of the input distribution
is given by explicit [15]], [24] and implicit [11], [1]] density generative networks.

Notwithstanding the practical success of deep generative networks, a profound theoretical understanding of their
representational capabilities is still lacking. First results along these lines appear in [16], where it was shown that
generative networks can approximate distributions arising from the composition of Barron functions [3]. It remains
unclear, however, which distributions can be obtained in such a manner. More recently, it was established [17]
that for every given target distribution (of finite third moment) and source distribution, both defined on R4, there
exists a ReLU network whose gradient pushes forward the source distribution to an arbitrarily accurate—in terms of
Wasserstein distance—approximation of the target distribution. The aspect of dimensionality increase was addressed
in [2], where it is shown that a uniform univariate source distribution can be transformed, by a ReL.U network, into
a uniform target distribution of arbitrary dimension through a space-filling approach. Besides, [2] also demonstrates
how a univariate Gaussian target distribution can be obtained from a univariate uniform source distribution and vice
versa. In a general context, the problem of optimal transport [25] between source and target distributions on spaces
of different dimensions was studied in [18]].

The approximation of distributions through generative networks is inherently related to function approximation
and hence to the expressivity of neural networks. A classical result along those lines is the universal approximation
theorem [7]], [13l], which states that single-hidden-layer neural networks with sigmoidal activation function can
approximate continuous functions on compact subsets of R™ arbitrarily well. More recent developments in this area
are concerned with the influence of network depth on attainable approximation quality [23], [8]], [LO]. A theory
establishing the fundamental limits of deep neural network expressivity is provided in [6]], [9].
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The aim of the present paper is to develop a universal approximation result for generative neural networks.
Specifically, we show that every target distribution supported on a bounded subset of R? can be approximated
arbitrarily well in terms of Wasserstein distance by pushing forward a 1-dimensional uniform source distribution
through a ReLU network. The result is constructive in the sense of explicitly identifying the corresponding generative
network. Concretely, we proceed in two steps. Given a target distribution, we find the histogram distribution that
best approximates it—for a given histogram resolution—in Wasserstein distance. This histogram distribution is
then realized by a ReLU network driven by a uniform univariate input distribution. The construction of this ReLU
network exploits a space-filling property, vastly generalizing the one discovered in [2], [19]. The main conceptual
insight of the present paper is that generating arbitrary d-dimensional target distributions from a 1-dimensional
uniform distribution through a deep ReLU network does not come at a cost—in terms of approximation error
measured in Wasserstein distance—relative to generating the target distribution from d independent random variables
through, e.g., (for arbitrary d) the normalizing flows method [22]] and (for d = 2) the Box-Muller method [5]. We
emphasize that the generating network has to be deep, in fact its depth has to go to infinity to obtain the same
Wasserstein-distance error as a construction from d independent random variables would yield. Finally, we find
that, for histogram target distributions, the number of bits needed to encode the corresponding generative network
equals the fundamental limit for encoding probability distributions as dictated by quantization theory [12].

II. DEFINITIONS AND NOTATION

We start by introducing general notation.

log stands for the logarithm to base 2. For ni,ny € N, the set of integers in the range [ng,no] is designated as
[n1:n2]. For x = (21, 22,...,24) € R4, we denote the vector obtained by retaining the first ¢, ¢ < d, entries by
X[ = (T1,22,...,2¢) € R". U(A) stands for the uniform distribution on the interval A; when A = [0, 1], we
simply write U. Given a probability density function (pdf) p, we denote its push-forward under the function f as
f#p. 8, refers to the Dirac delta distribution. 8¢ stands for the Borel o-algebra on RY, i.e., the smallest o-algebra
on R? that contains all open subsets of R%. For a vector b € R%, we let ||b||o := max; |b;|, similarly we write
[|Alloo := max; ; |A, ;| for the matrix A € R"™*". The Cartesian product of the intervals Z;, i € [1:d], is denoted

by ijl T, =11 XZy X --- X1y Finally, xz stands for the indicator function on the set Z.
We proceed to define ReLU neural networks.

Definition IL1. Let L € N and Ny, Ny, ..., Ny € N. A ReLU neural network ® is a map ® : RNo — RNt given
by
Wi, L=1
d=<¢ WropoWy, L=2
WrpopoWp_10po--opoWy, L>3,

where, for ¢ € [1: L], Wy: RNe-1 — RNe Wy(x) := Ayx + by are the associated affine transformations with
(weight) matrices Ay € RN XNe—1 and (bias) vectors b, € RN¢, and the ReLU activation function p: R —
R, p(z) := max(z,0) acts component-wise, i.e., p(x1,...,xn) := (p(z1),...,p(xN)). We denote by Ny 4 the
set of all ReLU networks with input dimension Ny = d and output dimension Ny = d'. Moreover, we define the
following quantities related to the notion of size of the network ®:

o the connectivity M (®) is the total number of nonzero weights, i.e., entries in the matrices Ay, ¢ € [1: L], and

the vectors by, £ € [1:L]
o depth L(®) :=L
o width W(®) := maxy—o,... 1 N¢

The distance between probability measures will be quantified through Wasserstein distance defined as follows.

Definition IL2. Let ;1 and v be probability measures on (R%,B%). A coupling between 1 and v is defined as
a probability measure w on (R? x R B2) such that 7(A; x R?) = pu(Ay) and n(R? x Ay) = v(As), for all
Ay, Ay € B Let T(u,v) be the set of all couplings between y and v. The Wasserstein distance between i and
v is defined as

W)= inf / Ix — ylldn(x, y),
Tell(p,v) Jrd xR
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where || - || denotes Euclidean norm.
We will frequently use the concept of histogram distributions formalized as follows.

Definition IL3. A random variable X is said to have a general histogram distribution of resolution n on [0, 1],
denoted as X ~ G[0,1]L, if for some to,t1,...,t, € R such that 0 =to < t; < --- <t, =1 and if t; = t;11,

n’

then tiro # t;, ¥i € [0:(n — 2)], its pdf is given by

n—1 n—1
p(z) = Zwk“[tmtkﬂ](x)v with Zwkd(tk,tkH) =1, (1)
k=0 k=0

and wy, > 0 for all k € [0:(n — 1)]. Here,

) x), ifty <ty
K[t;«,tk-%—l](x) = {X[tk7tk+l]( ) f g ht

Oty ifty =thi1
and
tep1 —thy, Ut <trpy1
Aty tegr) =4 °F . . 2)
L, if tk = tpt1

General histogram distributions allow for bins of arbitrary size and for point singularities, see the right-hand plot
in Figure f] We will, however, mostly be concerned with histogram distributions of uniform tile size, defined as
follows.

Definition IL4. A random vector X = (X1, Xo,..., X d)T is said to have a histogram distribution of resolution n
on the d-dimensional unit cube, denoted as X ~ £[0,1]%, if its pdf is given by

n’

px(x) = Zkack (x), with Z“’k =n,
k Kk

and wy. > 0 for all vectors k = (iy, iz, ...,iq) € [0:(n — 1)]%, referred to as index vectors, and cx. = [i1/n, (i1 +
1)/n] x [iz/n, (i2 + 1)/n] X -+ X [ig/n, (iq + 1)/n].

Example histogram distributions in the 1- and 2-dimensional case, respectively, are depicted in Figs. (1| and
Throughout the paper, to indicate that the random vector X with distribution px (x) satisfies X ~ £[0, 1]¢, we shall
frequently also write px (x) € £[0, 1]¢.

Remark IL.5. For ease of exposition, in Definitions and we let the intervals [ty,ty+1] and the cubes
Cx, respectively, be closed, thus allowing the breakpoints to belong to different intervals/cubes. While this comes
without loss of generality, for concreteness, it is understood that the value of the pdf at a breakpoint is given by
the average across the intervals/cubes containing the breakpoint.

III. SAWTOOTH FUNCTIONS

As mentioned above, our universal generative network construction is based on a new space-filling property
of ReLLU networks, vastly generalizing the one discovered in [2], [19]. At the heart of this idea are higher-order
sawtooth functions obtained as follows. Consider the sawtooth function g : R — [0, 1],

2z, if z €0,1/2),
g(x) =921 —2), ifzell/2,1],
0, else,

let g1(x) = g(x), and define the sawtooth function of order s as the s-fold composition of g with itself according
to
gs:=gogo---og, 522
—_—
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Fig. 1: Histogram distribution £[0, 1]2
Fig. 2: Histogram distribution £[0,1]2

Figure [3] depicts the sawtooth functions of orders 1,2, and 3. Next, we note that g can be realized by a 2-layer
ReLU network ®, € N; ;1 of connectivity M(®,) = 8 and depth L(P,) = 2 according to &y, =Wr0poW; =g
with

2 0 1
Wi(z) =4z — | 2|, Walx)=(1 -1 1)fa
2 2 T3

The sth-order sawtooth function g, can hence be realized by a ReLU network <I>Z e N, 1,1 of connectivity M((PZ) =
11s — 3 and depth L£(®]) = s+ 1 according to ®; = WaopoW,0po---0oW 0 poW; = g, with

s—1

2 =2 2 T1 0
Wyx)=[4 -4 4] [z2] -2
2 -2 2/ \uj 2

We close this section with an important technical ingredient of the generalized space-filling idea presented in
Section [V]

Lemma IIL1. Let f(x) be a continuous function on [0, 1], with f(0) = 0. Then, for all s € N,

25711
flgs@) = Y fle2 e —k)), 3)
k=0
and for all k € [0:(2°7! — 1)),
. E k+1
supp(f(9(2* 'z — k))) = (2_1 2_1> @
Proof. We first note that the sawtooth functions g,(z) satisfy [23]
25711
gs(x) = Z g(2° 7w — k),
k=0
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Fig. 3: Sawtooth functions

with g(2°~ 'z — k) supported on (52, ££L). As £(0) = 0, the support of f(g(2°~'z —k)) coincides with that of
g(2°~x — k), which in turn yields (E[) To establish , we note that the supports of g(2°~ 'z — k) are pairwise
disjoint across k£ and hence

f(gs(x))=f< ) g<2s—1x—k>> =Y f(e@ e - k). 0
k=0

k=0

IV. RELU NETWORKS GENERATE HISTOGRAM DISTRIBUTIONS

This section establishes a systematic connection between ReLLU networks and histogram distributions. Specifically,
we show that the pushforward of a uniform distribution under a piecewise linear function results in a histogram
distribution. We also identify, for a given histogram distribution, the piecewise linear function generating it under
pushforward of a uniform distribution. Combined with the insight that ReLU networks realize piecewise linear
functions, the desired connection is established.

We start with an auxiliary result.

Lemma IV.1. Lef a,b € R,a < b,A = [a,b], and let h(x) = mz + s, for x € R, with m € R, s € R. Then,
Q = h#U(A) is uniformly distributed on [ma + s,mb + s), for m > 0, and on [mb+ s, ma + s, for m < 0. For
m =0, the pdf of Q is given by §._.

Proof. We start with the case m € R\ {0}. The pdf of the pushforward of a random variable with pdf p(x) under
the function f(z) is given by
d

) = (') dyf‘1<y)’ |

Particularized to f~!(y) = h™'(y) = L2 and p(z) = ;- xa(x), this yields

m(bl_a)7 if y € [ma + s,mb+ ]
q(y) = :

0, otherwise,
for m > 0, and

— L ifye[mb+s,mats

qly) = § m™@=b) [ ]

0, otherwise,
for m < 0. Finally, if m = 0, then the entire interval [a, b] is mapped to the point y = s and the corresponding pdf
is given by ¢(y) = d,—s. -

We next show that the pushforward of a uniform distribution under a piecewise linear function results in a
(general) histogram distribution.



Theorem IV.2. For every piecewise linear continuous function f : R — R, such that f(z) € [0,1],Vz € [0,1], and
f(0) =0, f(1) = 1, there exists an n so that f#U ~ G[0,1]L.

Proof. We split the domain of f into ¢ € N pairwise disjoint intervals I; = [a;, b;],i € [0: (¢ — 1)], each of which
f is linear on, specifically f(z) = m;x + s;, + € I;. Using the law of total probability and the chain rule, the pdf
of ¢ = f#U can accordingly be represented as

a) = 3 alwlu € L)Plu € I;). )
=0

As U is uniform, it is also uniform conditional on being in a given interval I;. By Lemmam it therefore follows
that ¢(y|u € I;) can be written as

xr; (Y) .

L= iftm; #0,

dye 1) =4 I 7

y—s;» if m; = O7
where R; = [mja; + sj, mjb; + s;] if m; > 0, and R; = [m;b; + s;,m;a; + s;] if m; < 0. Noting that by
continuity of f and the boundary conditions f(0) = 0, f(1) = 1, we have |J; R; = [0,1], it follows that ¢(y) in
() corresponds to a general histogram distribution according to (I)) with n = ¢ and

P(uel;) .
W — IRj|J 5 1fmj 750,
P(U€Ij), if mj:().

O

We will also need the converse to the result just established, in particular a constructive version thereof explicitly
identifying the piecewise linear function that leads to a given general histogram distribution under pushforward of
a uniform distribution on the interval [0, 1].

Theorem IV.3. Let p(z) be the pdf of X ~ G[0,1]} with weights wy, k € [0:(n — 1)), and breakpoints 0 =ty <
th <---<t,=1, and set by =0, b; = ZL;IO wg d(tg, thr1), © € [1:n], where

tep1 —thy,  Of tp <tiyr
d(tk,tkﬂ){ * -

L, if th=thi1
Further, define a;, i € [0:(n —1)], as follows: If to = t1, then ag = 0 and a; = w% If to # t1, then ag = i
For k € [1: (n—2)], if tx = tgs1, then ap = —w:_l and apy1 = ﬁ“, and, if tp_1 # tr # tpa1, then
ap = w% - wkl—l. Finally, if t,_1 # 1, then a,_1 = wnl_l - wnl_2. Then,
n—1
f@) = aip(x —by) (6)
i=0

is the piecewise linear function satisfying f#U = p.

Proof. Let I; := [b;, bi11], i € [0:(n — 1)]. Then, U,¢(g.(n—1)) £i = [0, 1] and, for all i € [0:(n — 1)], the function
f(x) in (6) is linear on I; with slope given by

zi: 1/11.)2, if ti 7é ti+1

a, I . .

=0 ! 0, if ti = tiJrl

Next, note that under f(x) the interval I; is mapped to the interval [t;,t; 1] if ¢; # t; 41 and to the singleton {¢;} if
t; = ti+1. The proof is finalized upon using P(u € I;) = b;11 — b; to conclude that (cf. the proof of Theorem [[V.2)
]P)(’U, € Il)/|(1/wl)(bz+1 — bl)‘ = w;, for ti 7é ti+17 and P(’U, S Iz) = bi+1 — bz = w; d(ti7ti+1) = w; in the case
t; = ti+1. O

An example of a piecewise linear function and the corresponding general histogram distribution according to
Theorems and is provided in Figure ] Theorems and are of independent interest as they allow to
conclude that ReLU networks, by virtue of always realizing piecewise linear functions, produce general histogram
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Fig. 4. A piecewise linear function f (left) and the corresponding general histogram distribution f#U (right).

distributions when pushing forward uniform distributions. In the remainder of the paper, we shall, however, work
with histogram distributions £[0, 1]¢ only, in particular for d = 1, in which case Theorem takes on a simpler
form spelled out next.

Corollary IV.4. Let p(z) be the pdf of X ~ £[0, 1]} with weights wy, k € [0:n], and let ag = -, a; = 2+ — L

wo ’ wi;  wi—1’

i€el:(n—=1), bo=0, b, = %Z;@;lo Wk, © € [1:n]. Then, p = f#U with the piecewise linear function

F@) =3 aspla - by).
=0

We shall often need the explicit form of f(z) in Corollary [V.4] on its intervals of linearity [bs, byy1]. A direct
calculation reveals that '
T dowi L

-z i be, besa].
f(x) " g +na x € [by, bet1]

V. INCREASING DISTRIBUTION DIMENSIONALITY

This section is devoted to the aspect of distribution dimensionality increase through deep ReLU networks.
Specifically, for a given random vector X ~ £[0,1]¢ with (histogram) distribution px(x) of resolution n, we
construct a piecewise linear map M : [0,1] — [0,1]? such that the pushforward M#U approximates px(x)
arbitrarily well. The main ingredient of our construction is a vast generalization of the space-filling property of
sawtooth functions discovered in [19]. Informally speaking, the novel space-filling property we describe allows to
completely fill the d-dimensional target space according to a prescribed target histogram distribution by transporting
probability mass from the 1-dimensional uniform distribution U to d-dimensional space.

We first develop some intuition behind this construction. Specifically, we consider the 2-dimensional case and
visualize the idea of approximating a 2-dimensional target distribution through pushforward of U by the sawtooth
functions gs(z) (depicted in Figure [3) as painting the curve gs(x) with probability mass taken from U. The geodesic
distance traveled by the brush distributing probability mass along g, (z) goes to infinity according to 2° as s — oc.
This follows by noting that the number of teeth is 2° and for s — oo, the length of the individual teeth (in fact their
halves) approaches 1. Therefore, as s — oo the square [0, 1]? will be filled with paint completely. Moreover, as
traverses from O to 1, the speed at which probability mass is allocated to the marginal dimensions, i.e., along the
x1-and ze-axes, is constant. To see this, simply note that along the xs-axis the speed of the brush is given by the
derivative of gs(z), which by virtue of g(x) consisting of piecewise linear segments, is constant. Likewise, as the
inverse of a linear function is again a linear function, the brush moves with constant speed along the z;-axis as well.
This guarantees that the resulting 2-dimensional probability distribution along with its marginals and conditional



distributions are all uniform. The rate at which the joint distribution approaches a 2-dimensional uniform distribution
can be quantified in terms of Wasserstein distance by defining the transport map M : ¢ — (x, gs(z)) and noting
that W (M#U,U([0,1]?)) < % [2]. What is noteworthy here is that the map M takes probability mass from R
to R? in a space-filling fashion, i.e., we get a dimensionality increase as s — oo.

By adjusting the “paint plan”, this idea can now be generalized to 2-dimensional histogram target distributions
that are constant with respect to one of the dimensions, here, for concreteness, the z1-dimension. Specifically, we
replace gs(x) in the construction above by f(gs(z)), where the piecewise linear function f(z) determines the paint
plan resulting in the desired weights (across the x;-axis) according to Corollary We refer to Figure [5] for an
illustration of the idea. While the outer function f(z) determines how much time the paint brush spends in a given
interval along the z»-axis, the inner function g, (z) takes care of filling the unit square as s — oo. The larger the
slope of f(x) on a given interval along the xo-axis, the less time the brush spends in that interval and the smaller
the amount of probability mass allocated to the interval. Concretely, by Corollary the amount of probability
mass deposited in a given interval is inversely proportional to the slope of f(x) on that interval.

Finally, consider the 2-dimensional histogram distribution px, x,(z1,22) € £[0,1]2 and note that it can be
represented as follows

PX1,X5 (z1,32) = Z Wy, k2 Xegy kg (z1,32) = Z Wy Wy |ky Xew, (xl)XCkz (22)

k‘l,kz kl;]fZ
= ZwleCkl (ml) Zwk2|klxck2 (.172) 7
k1 k2
n—1
=Y px, (w1 € [i/n, (i + 1)/n]) pxy x, (w2]21 € [i/n, (i +1)/n]),
i=0
where wy, = L3, Wi, ky» Wiglky = Why by /Whys DX, (T1 € [i/n, (i + 1)/n]) = wixc,(z1) denotes the re-

striction of the marginal histogram distribution px, (see Lemma below) to the interval [i/n, (i + 1)/n], and
Pxsix, (22|21 € [if/n, (i+1)/n]) =3, Wh, [iXex, (T2), for each i € [0:(n—1)], can be viewed as a 2-dimensional
histogram distribution that is constant with respect to z1, and which we assume to be generated by f)((lz (gs(x))
according to the procedure described in the previous paragraph.

Now, in order to “paint” the general 2-dimensional histogram distribution in (7), we have to “squeeze” the
space-filling curves sz; (g9s(x)) into the respective boxes [i/n, (i + 1)/n] x [0,1]. This is effected by exploiting
that gs(z) is compactly supported on [0,1] for all s € N, which allows us to realize the desired localization
according to f)(g (gs(nx — 1)). The resulting localized space-filling curves are then stitched together by adding
them up according to Z?;Ol )(g (gs(nz — 7)). Denoting the piecewise linear function that generates the marginal

histogram distribution px, according to Corollary a f)zfll’ ie., )zfll#U = px,, the transport map M : z —

( 3 (@72?:—01 )((2 (9s(nf% (z) — 1)) ) when applied to U generates px, x, in (7) asymptotically in s. To see

this, we first note that the second component of M pushes forward, by Z?:_Ol )(gg (g9s(nx —1i)), the random variable
;11 #U resulting from the pushforward of U by the first component of M. This allows us to read off the conditional
distributions px,|x,. Specifically, thanks to the individual components in Z;:Ol )((Z; (gs(nx — 1)) being disjointly
suppported on [i/n, (i + 1)/n], we can conclude that the distribution of the 2-dimensional random variable M#U
satisfies px,|x, (z2]z1 € [i/n, (i +1)/n]) = Y, WkyjiXey, (2),7 € [0: (n — 1)], as desired. Next, noting that
the distribution px, of f3 #U has components px, (x1 € [i/n, (i +1)/n]) = wixc, (1) supported disjointly on
[i/n, (i + 1)/n], it follows from px, x,(71,22) = px, (T1) px,|x, (z2|21) that the distribution of M#U is given
by
n—1
PXq1,Xo (xh IQ) = prl ('rl € [Z/TL, (Z + 1)/”D Pxsy)1x4 ($2|I1 € [Z/TL, (Z + 1)/’”})7
i=0
which is (7). An example illustrating the overall construction can be found in Figure [6]
We are now ready to formalize the idea just described and generalize it to target distributions of arbitrary
dimension. To this end, we start with a technical lemma stating that all marginal and conditional distributions

I'The choice of the superscript z1 in f;ll will become clear in Definition below.
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histogram distribution. We took f X, = Ix (2) to be given by the functlon depicted on the left in Figure

of a d-dimensional histogram distribution are themselves histogram distributions, a result that was already used
implicitly in the description of our main idea in the 2-dimensional case above.

Lemma V.1. Let px(x) be the pdf of the random vector X ~ £[0,1]%. Then, for all t € [1:(d — 1)), its marginal
distributions satisfy px,...x,(Xp.) € €[0,1]L,. Moreover, for all t € [1:(d —1)] and z = (z1,22,...,2) €
[0:(n —1)]%, defining c; = [z1/n, (21 + 1)/n] X [z2/n, (20 + 1)/n] X -+ X [z¢/n, (2¢ + 1)/n], the conditional
distributions px,. ,|x,,.. X, (a:t+1|x[1:t] € ¢,) are independent of the specific value of X[1:f) € ¢z and obey
DX 1| X1, X (T 1]X[1:4) € €2) € E[O, 1,

Proof. The proof of the first statement follows by noting that, for all ¢ € [1:(d — 1)],

le,...,Xt(X[l:t]):/ ) ZkaCk(X)dﬂctHdﬂsz.-~dxd
[0,1]d—t

= Z Wz Xec, (X[lzt])a

where z = k{1.4) = (21,22,...,2) with k according to Definition and w, = (1/n)?"t Divir g Wk > 0.
With 3, wy = n¢ from Definition we get > w, =n'"% >, wy, = n’, which establishes that (8) constitutes

®)
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a valid histogram distribution in £[0, 1],.
To prove the second statement, we first note that for all ¢ € [1:(d — 1)],

le)“'7Xt+1 (X[lz(t+1)]) _ Z(z’thrl) w(z,zH,l)XC(z,thrl) (X[l:(t+1)])
PXy,...,.X; (X[1 t]) > n WaXe, (X[lzt]) .

Next, for a given z’ € [1:(n — 1)]*, we have

DXy 1 |X0 X (Tt [X[1gg) =

Zzt+1 w(z’,thrl)Xc(Z/,thrl) (X[lz(t+1)])

DXy | Xa o X (Tt 1|X[1:4] € Cor) =

Wz
'LU(Z/’zt )
=2 T e (Te41),
Zt4+1
which allows us to conclude that, for all ¢ € [1:(d — 1)] and z = (21, 22,...,2) € [0:(n — 1)]%, the conditional
distribultuioEl PXy1| X1, X (Te1]X[1:¢) € ¢g) is independent of the specific value of X1, € ¢, and, thanks to
> —=2t1) — ., belongs to the class £[0, 1] O

As a consequence of Lemma it follows—from the chain rule—that the joint distribution of a histogram
distribution px (x) € £[0,1]¢ is fully specified by the conditional distributions px,,,|x, ... x, (Te41|X[(1:¢) € ¢z),t €
1:(d—1)],z= (21,22,...,2) € [0:(n — 1)]*, and the marginal distribution px, (z1).

We next define the auxiliary functions F, and Z, needed in the construction of the d-dimensional generalization

of the 2-dimensional transport map M : z — (f)zg1 (2), ZZ o )(2 (9s(nf3 () — z)))

n’ n n’> n n’ n

Definition V.2. Fork = [k1, ... k] € [0:(n—1)J', t € N, define ey = |12, Bt | [ K Kbl ] o [l ot ],
Let z = (21,29,...,24) € [0: (n —1)]% set z; = z[1:i—1)), Jor i € [2:d], and fix a histogram distribution
px(x) € E[0,1]4 specified by p¥. = px,|x,,...x:_, (TilX[1(i—1)] € ¢z,), for i € [2:d], Cm px, (71) = px, (z1).
For i € [1:d], let 5 be the piecewise linear function that, according to Corollary satisfies [ #U = p%,,
and define recursively, for all s € N,

F.(x,2,41,5) —gs(an ( r—1(x, zr,s)) —zr), r € [1:(d—1)], 9)

with the initialization
Fo(z,21,58) = x.

Further, define the functions Z, according to
Z Fr_1(z,2,,58)), © € [2:d],
and
Zi(x,8) := )z(ll(x).

With the quantities just defined, we can write

Mia— (13 ZfX2 gs(n 2, (2) = 1)) = (Z1(,5), Za(a, 9)).

In the d-dimensional case, the space-filling transport map that takes a 1-dimensional uniform distribution into a
given d-dimensional histogram distribution, or more precisely a sufficiently accurate approximation thereof, will be

seen to be given by
Mz — (Z1(z,s), Za(z,8), ..., Za(x, 8)). (10)

Theorem [V.6| below, the central result of this section, makes this formal. The material from here on up to Theorem [V.6]
is all preparatory and technical. We recommend that it be skipped at first reading and suggest to proceed to
Theorem V6] in particular the intuition behind the construction of (TI0) provided right after the proof of Theorem[V.6|

2Formally, z1, albeit not defined, would correspond to a O-dimensional quantity. It is used throughout the paper only for notational convenience.
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We do recommend, however, to first visit Figure [7} which illustrates the F-functions and their role in generating
the target histogram distribution.
The following lemma establishes support properties of the F}.-functions and corresponding consequences for the
Z.-functions.
Lemma V.3. Let Fi,i € [0:(d—1)],2z,i € [2:d], Z;, f¥,,i € [1:d], be as in Deﬁnition Then, for all r € [2:d),
we have
ﬂ Supp(Frfl(xv Zy, S)) =4,

Zy

and hence for every r € [2:d], for all t, € [0:(n — 1)]"~1, it holds that

fX (Froi(z,tr,8)) >0 = Zp(z,s) = fX (Fr-1(z,tr,8)), x€0,1].

Proof. The proof is through induction across r. We start with the base case r» = 2. Since the vector zs is , in fact,
a scalar, we can write zo = z; and note that

Fy(z,22,5) = Fi(z,21,8) = gs (n )z(ll () — zl)
and
Z gs nfxl 721 Z (Zl) gs n Xl(w)*zl))-
21_0
Fix an arbitrary & € [ ,1]. Since f%! (x) € [0,1], it follows that f3! (2) € [t1/n, (t1 + 1)/n] for some t; € [0:
(n —1)]. Then, (nf% () —2z1) € [0 1] if and only if z; = #;. Further as for ¢ [0,1], gs(x) = 0, we have
Fi(2,21,8) = gs(n f % (&) —z1) = 0, for all z; # t;. Combined with the fact that 2 € [0, 1] was chosen arbitrarily,

this implies that for every x € [0,1], there exists a t; € [0: (n — 1)] such that for all z; # ¢q, it holds that
Fi(x,z,s) = 0. This can equivalently be expressed as

n—1

ﬂ supp(Fl(Jc,zl,s)) =g. (11)

21:0

Next, since f3! (0) =0, for all z; € [0:(n — 1)], it follows from (L1) that, for all ¢; € [0:(n — 1)],

FEN (P2, t,9) >0 = Zs(z,s) Z FEV (Fi(e,z1,9)) = FE (Fu(a, t, ), @€ [0,1).

210

This establishes the base case. To prove the induction step, we assume that the statement holds for some r € [2:
(d — 1)]. Then, by the induction assumption,

ﬂ Supp(Fr—l(xa Zr, S)) =,
or, equivalently, for every x € [0, 1], there exists a t, € [0: (n — 1)]"~! such that for all z,. # t,, we have
F,_1(z,2,,s) = 0. Now, fix an arbitrary & € [0, 1] together with its corresponding t, € [0: (n — 1)]"~! such that
F._1(&,2.,58) =0, for all z, # t,, and consider
0, if z,. # t,.,
gs(nfx ( r— 1('»73 tms))fzr)a if z, = t,.
Again, as fX (x) € ]0,1], we can conclude that, for an arbitrarily fixed & € [0, 1], there is a ¢, € [0:(n — 1)] such
that fY (Fr_1(2,t,,s)) € [tr/n, (tr + 1)/n]. Then, (nf% (Fr—1(&,t,,s)) — zr) € [0,1] if and only if 2z, = t,.
Thanks to g,(z) = 0, for = ¢ [0, 1], becomes
Oa if Zry1 ?é tr+17
gs(an ( r—1(Z, tr,s)) tr) = F.(&,ty41,5), if 2,41 =t,11.

Fr(£7zr+17 >—gs(an ( r— 1(3’3 Zr»3)> _ZT) = { (12)

F’I‘(i‘vz’l‘-‘rl? 5) = {

11
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Fig. 7: An example illustrating the functions F).(x, 2,1, s) for r = 1 and r = 2. The corresponding target histogram
distribution px, x,(1,22) is visualized in subplot (i). The function Z;(x,s) = f% (z) = x characterizing the
marginal px, = U is shown in subplot (c). The functions f }((02) (x) and f )((12) (x) characterizing pg?g and pgi,

respectively, are depicted in subplots (a) and (b). Subplot (e) shows Zs(z,2) and subplot (f) visualizes F} (z, (0),2)
and Fy(x,(1),2). The functions Fy(x,z3,2) are shown in subplot (d). Subplots (g) and (h) depict zoomed-in
versions of subplot (d). The functions F5(z,z3,2) have disjoint support sets, but, in contrast to Fy(z, (0),2) and
Fi(x,(1),2), their support sets are not connected. The support sets of the colored pieces in subplot (d) match those
of the respective colored pieces in subplot (e), likewise for subplots (f) and (c).
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Combined with the fact that & € [0,1] was chosen arbitrarily, this implies that for every x € [0, 1], there exists
atry; €[0:(n —1)]" such that for all z,1 # t,41, it holds that F,.(z,2z,1,s) = 0. This can equivalently be
expressed as

ﬂ supp(Fr(z,2,41,5)) = 2. (13)

Zry1

Next, since f*" (0) = 0, for all z,1, it follows from that, for all t, 1 € [0:(n — 1)]",

fXTTl( (@, 641,8)) > 0= Zpq(x,5) 0 (Fr(@,2040,)) = er++11( (@, 41, 8)), z € [0,1].

Zyriq

This concludes the proof. O

Before proceeding, we need to introduce further notation. Specifically, let P, = [a, b], P> = [c, d] be intervals in
[0,1],ie.,0<a<b<1and0<c<d<1. Then, we define P := P, ¢ P, according to P = [a + ¢(b—a),a +
d(b — a)]. Note that |P| = | Py ||P»|. The ¢-operation is associative in the sense of (P ¢ Py) ¢ P3 = Py o (Py o P3).
We further define the function N(z,[a,b]) = a + x(b —a), x € [0, 1], which rescales [0, 1] to the interval [a, b],
and note that

N(N(z,[a,b]),[c,d]) = N(z, [c,d] ¢ [a,b]). (14)

We will also need the function N~ (z, [a,b]) = b — 2(b — a), x € [0, 1], which, like N (z, [a, b]), rescales [0,1] to
the interval [a,b], but does so in reverse manner, i.e., by mapping x = 0 to b and = 1 to a. Additionally, we
define the operator S([a,b]) = [1 —b,1 —a], for all 0 < a < b < 1, which maps the interval [a,b] C [0,1] to the
interval [1 — b, 1 — a]. Note that S is cardinality-preserving, i.e., |S([a,b])| = (b — a) = |[a, b]|. Moreover, we have
the relation

1— N(z,5([a,b])) = N~ (z,a,b]). (15)

The next lemma establishes that the Z,.-functions indeed realize the per-bin histogram distributions constituting
the desired target histogram distribution.

Lemma V4. Letz = (21,2, ...,2q) € [0:(n—1)]% and A}, = {ﬁ h+1}, h €0:(2°=1)). Setc,, = [Zl = +1} for

PERINDY] n’
i € [1:d]. Let z; = z[1.(;—1)] Emdﬁx px(x) € £[0,1]¢ with p%, = px, and pﬁé = DXy (X, X (Tl X[ i—1)) €
Cz,), for i € [2:d], where p5 € £[0,1]}, i € [1:d], has weights w¥, for k € [0 : (n — 1)]. Let f% be
the piecewise linear function whlch according to Corollary satzsﬁes b #U = Py L i€ [1:d]. Define
P = (LS w5l and PR = B0y 1 € [Li(n- 1), and B = [0, " |, P2 = Pfro,,
Then, for every k € [2:d), for all z; € [0:(n — 1)]*~1 and hy, = (hq, ha, ..., hx—1) € [0:(2° — 1)]*7L, it holds
that

Zk(N(a:?Tk'—l)vS) = f)z(i(Fk'—l(N('IaTk—l)vzka3)) = f}Z(IZ (JE), for x € [07 1] and Zh’t € 2Ny,

and
k-1
Zp(N(2,T—1),5) = [ (Fr1 (N (2, Th—1), 21, 8)) = [ (1 — ), for x €]0,1] and Zhi € 2Ng + 1,
i=1

where T;, i € [1:d), is defined recursively according to
- [Tiepr if z;ﬁ} hy € 2Ng
T e S(PA), if Yl hie2Ng+17

fori € [2:d), and initialized by Ty = P§oPE, with P? := PZ%-" and P§ = [0, 1]. Moreover,
Cayin )s for all k € [1:(d — 1)].

| = 54 px (X4 €

Proof. The proof is through induction across k. We start with the base case k& = 2. Since the vectors zs and to
are, in fact, scalars, we can write zo = z; and ty = ¢1. Fix hy € [0:(2° — 1)], 21 € [0: (n — 1)], and note
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1 z1—1 7z 1 z1 z h1 hi+1 11, =
that Ty = [0,1] o Pf = PP = PZl o Ap, = [5 k=0 Wiy k:owkl} ° [271’ b ] - l" k=0 Wy +

hiw?l 1 (h1+1)w
;wl ,% ?:0 L+ 1771 Further, note that |T3| =

ook = Epx(a1 € cz,). By Corollary V4] £ (x) is

211

linear on PZ! with slope zl and boundary points % (£ Y7, wi') = z1/nand fR (£ 3o wi') = (z214+1)/n.
The explicit form of f% x]> on PZ follows from the remark after Corollary [TV.4| as

Z T Zfl O1 U) 21 VA
fxll(x):wgll —WJr;? r e P2
Next, since N(z,T7) = i 01 o4 (l+h1) , noting that 77 C PZ!, we obtain
Z1 T+ hl 21
fXI(N((E,Tl)) = % + g, x € [07 1], (16)

and, hence, for = € [0, 1],

FE (P (N(2. T, 21, 9)) = £57 (g5 (nf2 (N (2, T1)) — 1))
= f$ (9. (@ + h1)27%))

WS A @ )2 )

9s=1_1 (17)
EZ £ (gle/2+ h /2 — )

O “l (g(a/2+ h1/2 = [h1/2]))

f ( )7 if h1 S 2N0,

f(21>(17x), if hy € 2Ng + 1,

where we used Lemma in (a), the fact that g(z/2 + hq1/2 — j) = 0, for all z € [0,1], for j # |h1/2] in (b),
and hy/2 — |h1/2| =0 for hy € 2Ny and hy/2 — |hy1/2] = 1/2 for hy € 2Ny + 1 along with g(z) = g(1 — ),
for € [0,1], in (c). Finally, as by Corollary _ zl) () > 0, for all x € (0,1], it follows from (17) that

)((221)(]7 (N(z,T1),71,s)) > 0, for all z € (0,1] for h1 € 2Ny, and for all x € [0,1) for hy € 2Ng + 1.
Application of Lemma [V3] then yields

Zo(N(2,Ty),8) = [ (FL(N(2,Th), 21, 9)). (18)

for all z € (0, 1] for hy € 2Ny, and for all z € EO ,1) for hy € 2N+ 1. To see that (18) holds for z = 0 and hy €
2Ny, simply note that Zo(N(0,71),s) =>_, f zl)( Fi(N(0,Ty),21,s)) and Fy(N(0,T%), 21, 8) = gs(h1/2%) =0,
which thanks to f(zl)( 0) = 0 implies Zo(N(0,T1),s) = )((Zl)(Fl(N(QTl),zl,s)) = 0. The case = 1 and
h1 € 2Ny +1 follows along the exact same lines noting that Fy(N(1,T1),21,8) = ¢gs((h1 + 1)/2°) = 0. This
finalizes the proof of the base case.

The proof of the induction step largely follows the arguments underlying the proof of the base case. Fix k£ € N,
with k& > 2, and assume that for all z; = (21, 29,...,25_1) € [0:(n — 1)]*~! and hy, = (hy,ha,...,hx_1) € [0:
(2° — 1)]*~L, it holds that

Zk(N(.’E,kal),S) = f‘?(kk(Fk,l(N(J},kal),Zk,S)) = ;’Z(l‘), for x € [0, 1] and th € 2Ny,

and
k—1
Zi(N(2,Ti-1),8) = f2 (Far (N (2, Tho1), 24, 8)) = f5 (1 —x), for x €[0,1] and Y h; € 2Ng +1,
i=1
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with |Ty_1| = Wzﬂnpx(x[l:(k_l)] € g, ). Fixhgy1 = (hy, hay ..., hy) € [0:(25—1)]* and 241 = (21,22, ...,2k) €
[0:(n —1)]*. Consider Zy,(N (2, Ti—1),s) = f3 (Fr—1(N(x,Tr—1), 2&, s)) on the interval

z z 135 lcwz el (hg + 1w
Pr=FPirodn =03 vt ’“*Z 4 h e
7=0
‘We first note that -
7= J D10 B, if Zz_l hi € 2Ny
T\ a0 S(PE), if S hi e 2Ng 17
and
T = | The—111P1, if Zf]l hi € 2Ny
T [|S(PE)|, if S8 hi € 2Ny +1
Zk
= [T 1\
1
25(k 1) px(x[l (k— 1)} € Czk) 29pXk‘X1 G Xk—1 (xk; c Czk|x[1:(k—1)] = Czk)
1

~ 9sk PX(X[1:0] € Cappy)-
We first provide the proof for the case ZZ 1 ' h; € 2Ng. By Corollary [IV. L )z( (w) is linear on PZ* with slope
) =

1/wZs and boundary points f3* ( PPy 61 wi*) = 2z /n and f3 ( ditow (21, + 1)/n. The explicit form

of f on PZk follows from the rernark after Corollary n as

Zk 1
fr (@)= 2 L0 W @
Xk war nwar n

Using N (z,T},) = N(N(z, PZ), Ty_1), which is thanks to (14), in the induction assumption (for %~ h; € 2Ny),

we get
f)z(ljC (kal(N(vak)a Z, S)) = )z(kk (kal(N(N(xa PI?)kafl)vzkv 8))
z 2 x4+ hy oz (19)
- Xk(N(xvpk)): 925n, +;a 1'6[07”'

Next, for € [0, 1], it follows from (9) and (I9) that
F35 (Fe(N (2, Th), Zk+175)) I35 (s (nf 3 (Frea(N (2, Tk), 2, 8)) = 21))

Xk+1 Xk+1

X (95((@ 4+ hi)277))

Xk+1

25—1_1

a .
= Z FE (g2 N o+ hi)27° — )

2511

Z £ (gl /2 + hi/2 = ) o0

® W( (/2 + hi/2 = [hi/2))

Xpg1\9
(© )z(’“’:l (x) if hy, € 2Ng,

{ fE - if by, € 2Ng + 1,
@ [ (@), if Y0 h; € 2N,
B { e (=), if YO, b €2Ng +1,

where we used Lemma in (a), the fact that g(x/2 + hy/2 — j) = 0, for all z € [0,1], for j # |hx/2] in
(b), hi/2 — |he/2] =0 for hi € 2Ng and hy/2 — |h/2| = 1/2 for hy, € 2Ny + 1 along with g(z) = g(1 — z),
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for z € [0,1], in (c), and ZZ h ' h; € 2Ny in (d). Finally, as by Corollary fz’“+1 (z) > 0, for all z € (0,1],
it follows from l| that fz’c+1 (Fr(N(z,Tk), 2k41,8)) > 0, for all z € (O, 1] for Zi:l h; € 2Ny, and for all
x €[0,1) for >, h; € 2Ng + 1. Application of Lemma then yields

Zk+1(N(I7Tk)7 ) ka_H ( (N($7Tk)vzk+la 5))?

Xk+1

for all = € (0, 1] for Zl 1 hi € 2Ny, and for all z € [0, 1) for Zl 1 hi € 2Ng + 1. The boundary cases i) z = 0
and Zl 1 hi € 2Ng and ii) x = 1 and ZZ 1 hi € 2Ng + 1 follow along the same lines as in the base case upon
noting that Fx(N(0,Tk), Zk+1, 5) = gs(hi/2°) and Fi(N(1, k), Zky1.5) = gs((hr + 1)/2°%).

We proceed to the proof for the case Zi:ll h; € 2Np + 1. Using and N(z,Ty) = N(N(z, S(PF)), Tk-1),
which is thanks to , in the induction assumption (for Zf:_ll h; € 2Ny + 1), we get

f)z()jf (kal(N(m7Tk)7 Zf, S)) = f}z(kk (Fk71(N(N(£L', S(Plcz))akal)7Zk7 S))
N, (1= N(z, S(Pg)))

= ;z(’“ (N~ (, PE)) @h
h 1-—
:M_,_Zi’ z €[0,1].
25m, n

Next, for € [0, 1], it follows from (9) and 1) that

P (BN (2, Th) 2i41,8)) = [0 (95 (nf 3 (Frm1 (N (2, Th), 2, 5)) — 21))
= 00 (gs((hr +1 = 2)277))
25711

@ Z R (g2 +1 = 2)27° = j)
25— 1—1
Z T (g(ha /2 +1/2 — /2~ ) )

® Zk+1( (hi/2+1/2 —x/2 — |ht/2]))

Xies1\9
{ fRF (M=), i by € 2N,
F (@), if hy € 2Np + 1,
@ { FE@), i T b 21,
e —a), if YO, b €2Ng +1,

where we used Lemma [[IL1]in (a), the fact that g(hy/2+1/2 —x/2—j) =0, for all € [0,1], for j # | hi/2] in
(b), hi/2 — |hi/2] = 0 for hk € 2Ng and hg/2 — |hg/2] = 1/2 for hy, € 2Ny + 1 along with g(x) = g(1 — z),
for z € [0,1], in (c), and :1 h; € 2Ng + 1 in (d).

Finally, as by Corollary z’““ (x) > 0, forall x € (0, 1], it follows from (22)) that fz"+1 (Fr(N(z,Ty), 241, 8)) >
0, for all = € (0,1] for )" h E QNO, and for all z € [0, 1) for Zle h; € 2Ng + 1. Application of Lemma
then yields

ZkJrl(N(vak)’ ) f;(iill( (N(:B Tk) Zk+178))7

for all = € (0,1] for Zle h; € 2Ny, and for all z € [0,1) for Zle h; € 2Ny + 1. The boundary cases i) x = 0
and Zle h; € 2Ny and ii) x = 1 and Zle h; € 2Ny + 1 follow along the same lines as in the base case upon
noting that Fi,(N(0,T%), Zzk+1,8) = gs((hr +1)/2%) and Fy(N(1,T%), Zk+1,8) = gs(hi/2%).

This concludes the proof of the induction step and thereby the overall proof. O

We continue with a corollary to Lemma complementing the results on |[Ty|,k € [1: (d — 1)], by the
corresponding expression for |T| and specifying the range of the Z.-functions on the domain Ty.
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Corollary V.5. Let z = (21,22,...,24) € [0: (n — 1)]* and z; = zp1.(;—1y). Fix px(x) G E[0,1)4, and for all
hy = (hi,ha,... hg) € [0: (25 — 1)]|% let T,k € [1:d], be defined as in Lemma V4| Then, it holds that

IT4| = 5% px (x € ¢;). Moreover; for every k € [1:d), for all x € Ty, Zi(x,s) € [z" + e+ hz’“sfll}

28n?

Proof. We first prove the statement on |Ty| and start by noting that, owing to Lemma [V.4]

1
Ta-1l = Sogmy Px(X(ua-1)) € €aa)-
With 1
1 Zd dwzd 1 - hd"’ 1)
Zq,hag __ Z o z
PIid = P2 o Ay, = [n ijd - z %n
Jj=0 j=0
and |PZaha| = |S(Praha)|| we get
qy| = {1 TamallPEtel, 550 he € 2N
| Tyr||S(PZaa)|, if S2971h; € 2Ng + 1
1 Zd
_ 2
= S PX(X(u:(a-1) € 20) 5o

1
= 5o PX(X0:a-1)] € Caa) PXuIX0 X0 (T € Coal X)) € Caa)

1
= 5ed Px (X € ¢z).

This establishes the first statement.
To prove the second statement, we first note that, for k£ = 1, by , Zi(z,s) € % oz hgill for all

25’ n
x € T;. Next, for every k € [2:d], for all T},_1, by Lemma it holds that
@), o) hi € 2N
fe-z), S lhieoNg+1’
for all z € [0, 1]. Now, arbitrarily fix z, € [0:(n — 1)], hy € [0:(2° — 1)] and consider

o _ JTiao P, if zf*fh € 2N,
T\ Tho1 0 S(P?), if ST by e 2Ny 41

Zk(N(x,Tk_l),s) = {

with PZ = PZh With (14), this yields, for all z € [0, 1],

Z(N(N(z, P?), Ti-1),s) = f2 (N(z, PF)), S hy € 2Ny
Zi(N(N(z,S(PE)), Te-1),8) = [ (1= N(2,S(PF))), Yiihi €2Ng+1

Now, by (19), it follows for -5 h; € 2N, that

h h hip+1
T+ k+2k6[2k k 2k kTt

25m, n + 25n’ n 25n,

£3 (N, P)) = ] for 2 € [0,1],

and analogously, for Zf;ll h; € 2Ng + 1, by ,
hk+1 Zk |:Zk+ hk Zk hk+1

% (1= N(x,S(PP) = f (N~ (@, ) = 2oL+ % e

T - ], for x € [0, 1].

n o 25n’ n 25m,

n 25n’ n 2%n

We have hence shown that, for all k € [1:d], Zy(z,s) € [z’“ . % h’““] for all x € T}. The proof is
completed upon noting that Ty C Ty, for all k € [1:d]. O
We are now ready to state the main result of this section, namely that the piecewise linear map

Mz — (Z1(x,s), Za(x,8), ..., Za(x, )
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transports a 1-dimensional uniform distribution in a space-filling manner to an arbitrarily close approximation of
any high-dimensional histogram distribution.

Theorem V.6. For every distribution px(x) € £[0,1]%, the corresponding transport map
Mz — (Z1(x,s), Za(x,8), ..., Z4(x,s)) (23)

satisfies

Proof. Letz = (21,22,...,24) € [0:(n—1)]4, Ay, = [25, htll with h € [0:(2°—1)], and h = (h1, ha, ..., hq) €
d

[0:(2° — D] With ¢, = [2, 2] € [1:d], let ¢ = X[_,(cz, © Ap,). Let T, be defined as in Lemma By
Corollary M :T; — c2and |Ty| = 2%dpx(x € ¢,). We hence get (M#U)(x € &) = |Ty| = 2%px(x € ¢g).
This establishes that the map M transports probability mass 517 px(x € ¢;) to the cube ¢} of volume (n%)d,
for all z. As px is a histogram distribution, it is uniformly distributed on its constituent cubes c¢,, which, in turn,
implies that the amount of probability mass it exhibits on each subcube c? of ¢, is given by 2% px (X € ¢z). The
map M, when pushing forward U, therefore transports exactly the right amount of probability mass to each cube
cB for a coupling between px and M#U to exist. Combining this with Hx -yl < */2:, for all points x,y in a
d-dimensional cube of side length n =127, it follows from Definition that

|_|

< .
W(M#UapX) = n2s 0

Theorem was proven in [19] for d = 2. We remark that a space-filling approach for increasing distribution
dimensionality was first described by Bailey and Telgarsky in [2]. Specifically, the construction in [2] generates
uniform target distributions of arbitrary dimension based on the transport map M : z — (z,gs(x), ga2s(2),...).
The generalization introduced in this paper is capable of producing arbitrary histogram target distributions through
space-filling transport maps that build on several key ideas, the first two of Wthh are best illustrated by revisiting the
2-dimensional case with corresponding transport map M : z — (3 (:c)7 ZZ o )(;i (9s(nf% i ! (x)—1))). First, M in
its second component composes the function Z?:_o )(Q (9s(nx— z)) with its first component f Xll (z). Formally, this
idea is also present in the Bailey-Telgarsky map, where the second component g4(x) can be interpreted as a trivial
composition of gs(+) W1th the first component z. It is, in fact, this composition idea that leads to the space filling
property. Second, >\ f o (gs (nf%. (z) — 1)) yields localization through squeezing and shifting of the f X, This
idea allows to realize different margmal distributions for different horizontal histogram bins (see the rightmost
subplot in Fig. [6) and is not present in the Bailey-Telgarsky construction as, owing to the target distribution being
uniform, there is no concept of histogram distributions. Taken together the two ideas just described allow to generate
arbitrary marginal histogram distributions px,|x, (9:2|x1), which are then combined—through the chain rule—with
the histogram distribution px, (1) to the overall target histogram distribution px, x,(z1,%2).

A further idea underlying our transport map construction becomes transparent in the general d-dimensional
case. Specifically, in taking the space-filling idea to higher dimensions, we note that in the Bailey-Telgarsky map
M :x — (x,9s(x),g2s(x),...), the third component, gos(x) can actually be interpreted as a composition of
gs(+) with the second component gs(x), simply as gs(gs(x)) = gas(x). Likewise, as already noted in the previous
paragraph, the second component, gs(x), is a composition of g,(-) with the first component, . This insight informs
the recursive definition of the F).-functions according to @), which, modulo the shaping by the localized f)z{T-
functions, can be seen to exhibit this gs-composition property as well. The Z,.(z, s)-functions constituting the
components of our transport map are then obtained by applying the localization idea as described above for
the 2-dimensional case. There is, however, an important difference between localization in the 2-dimensional case
and in the general d-dimensional case. This is best seen by inspecting the 3-dimensional case illustrated in Figure
Specifically, whereas in the 2-dimensional case the Fj.-functions are contiguously supported (see subplot (f)), in
the 3-dimensional case, as illustrated in subplot (d), the support sets are disjointed, but exhibit a periodic pattern.
Going to higher dimensions yields a fractal-like support set picture. We emphasize that this support set structure is a
consequence of interlacing the self-compositions of the gs-functions with the localized per-bin histogram-distribution
shaping functions f% .
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We finally note that the transport map M in Theorem [V.6| can be interpreted as a transport operator in the sense
of optimal transport theory [20], [25], with the source distribution being 1-dimensional and the target-distribution
d-dimensional. What is special here is that the transport operator acts between spaces of different dimensions and
does so in a space-filling manner [18].

VI. REALIZATION OF TRANSPORT MAP THROUGH QUANTIZED NETWORKS

This section is concerned with the realization of the transport map M by ReLU networks. In particular, we
shall consider networks with quantized weights, for three reasons. First, in practice network weights can not be
stored as real numbers on a computer, but rather have to be encoded with a finite number of bits. Second, we
want to convince ourselves that the space-filling property of the transport map, brittle as it seems, is, in fact, not
dependent on the network weights being real numbers. Third, we will be able to develop a relationship, presented
in Section between the complexity of target distributions and the complexity of the ReLU networks realizing
the corresponding transport maps. Specifically, complexity will be quantified through the number of bits needed to
encode the distribution and the network, respectively, to within a prescribed accuracy.

We will see that ReLLU networks with quantized weights generate histogram distributions with quantized weights,
referred to as quantized histogram distributions in the following. In Section[VII, we will then study the approximation
of general distributions by quantized histogram distributions. Finally, in Section we put everything together
and characterize the error incurred when approximating arbitrary target distributions by the transportation of a
1-dimensional uniform distribution through a ReLU network with quantized weights.

Before proceeding, we need to define quantized histogram distributions and quantized networks. We start with
scalar distributions.

Definition VI.1. Let 6 = 1/A, for some A € N. A random variable X is said to have a o-quantized histogram
distribution of resolution n on [0,1], denoted as X ~ &;(0,1]L, if its pdf is given by

n—1

Zka[k/n k+1) /n] Zwk =n,

k=0
w = omy >0, my €N, forall kel0:(n—1).

We extend this definition to random vectors by saying that a random vector has a J-quantized histogram
distribution, if all its conditional (1-dimensional) distributions p§<1 are d-quantized histogram distributions.

Definition VI.2. Let 6 = 1/A, for some A € N. A random vector X = (X1, Xs,...,Xq)" is said to have a
§-quantized histogram distribution of resolution n on the d-dimensional unit cube, denoted as X ~ &;[0,1]%, if
X ~ E[0,1]¢ with p%, € E5[0,1]L, for every i € [1:d], for all z;.

We continue with the definition of quantized ReLU networks.

Definition VI.3. For 6 > 0, we say that a ReLU network is d-quantized if each of its weights is of one of the
following two types. A weight w is of Type 1 if w € (6Z N [—1/6,1/68]) and of Type 2 if =+ € (6ZN[~1/6,1/5)).

Formally, the goal of this section is to find, for fixed px € s [0,1]¢, a quantized ReLU network ® such that
®#U approximates px to within a prescribed accuracy. To this end, we start with an auxiliary lemma, which
constructs the building blocks of such networks.

Lemma VLd4. For every d-quantized px € E5[0,1]¢ with d > 1, the map M” : R* +" — R L e [0:
(d —1)], defined as

MO:FO(1’7Z1,S) - (Fl(xazévs)aFl(va;S)v . .7F1(x,z3,s),Z1(x,s)>,
and, for r € [1:(d — 1)),
M" :(Fr(x,zi_H,s),Fr(x,zz+1,s), .. .,F,.(x,zfj_l, s), Z1(x,8), Za(x, 8), . . .,Zr(x,s))

r+1
— (FT+1(.1‘, zi+2, $)y Fri1(x, zg_,_z, 8),.. Frp(w, 2,y ,8), Z1(, 8), Zo(,8), ..., Zpya (2, s))7
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is realizable through a A- quantlzed ReLU network \I/M € Nprior, n7‘+1+r+1 with M(IM") = O(n"+2 4 sn”t1)
and L(UM") = s+ 3. Here, A = £ and the vectors z'. € [0:(n — 1)]’”*1, € [1:n""1, are in natural orderl Pl with
respect to 1.

Proof. We start with auxiliary results needed in the proof and then proceed to establish the statement for the cases
r =0 and r > 1 separately. According to Corollary IV.4l for every k € [1:d], for all z; € [0:(n—1)]*1, f3* (x)
can be realized through a ReLU network &% : R — R € N7 ; given by

i—1

n—1
1 1 1 1
0o o)+ Y (- g Jele g )
x wop(x)+; o o plz n;wj

and satisfying M(PZ) < 4n —2, E(@zk) =2 For A= %, the network ®** is A-quantized with the weights w%,’

L and 1 of Type 2, and the weights 1 5"~ - —, w; of Type 1. The networks %" (x) implementing (nf%: () —)

are in ./\/1,1 and have M(®7) < 4n — 1, L(DF*) = 2, with their weights all of either Type 1 or Type 2 w.r.t. A-

quantization. The network W? (z) realizing g,(z) (see Section is in Vj y with M(¥?) = 1153, L(¥}) = s+1,

and with all its weights in {—4, —2,—1,1,2,4}, which are, again, of Type 1 w.r.t. A-quantization. It follows from

[ Lemma I1.3] that the networks ‘I!z" = \I!S(<I>Z’“) are in N7 1 with M(¥7%) < 8n+22s—8 and L(V7%) = s+3.
We are now ready to prove the statement for 7 = 0. Here, M®:R — R" ! with

MO: o, 21,5)  (Fi(w,23,5), Fi (0,23, 5), ., Fa(2,75,9), Za (2, 9)),

or equivalently

MOz (g0 (nf%, (2)), 95 (0S%, (2) = 1), s (2 (@) = (0 = 1)), F2 () )

The networks W7 realizing the components g, (nf% (z) —),i € [0: (n — 1)], of the mapping M all have
depth s + 3, whereas the network ®?' implementing the last component of A9, Zl( ), has depth 2. As we
want to apply [9, Lemma IL.5], we hence need to augment ®** to depth s + 3. This is effected by exploiting that
®Z%1(x) > 0, Vo € R, which allows us to retain the input-output relation realized by the network while amending
it by multiplications by 1 (acting as affine transformations) interlaced by applications of p for an overall depth of

5+ 3. This leads to the augmented network % = p o ... o p o &%, with M(@zl) <dn+s—1, L(D") = s+3.
Application of [9, Lemma IL5] now allows us to conclude that the network W" = (\Ilgls, U, §>21>
realizing the map M? is in A ; and satisfies M(\IIM ) = O(n? + sn),

L(WM’) = s 4 3. This proves the statement for r = 0.

We proceed to the proof for the case r > 1. To this end, we use @) to write the map M7 : R?+7 — Rn" " +r+1,
for r € [1:(d — 1)], as follows

M": Y1,Y2,- - Ynr4r) — (|:g§(nfz:"+l Yi 7k>:| y Ynr yoe s Ynrgry T+1 )
(.12 w0 X ) = E) [ byeonny oy i 162”1 o

where the notation [A(%, k)] (s, k)e([1:n7,[0:(n—1)]) designates the sequence h(i, k) with (i, k) ranging over ([1:n"], [0:
(n —1)]), with ordering accordmg to ([h(l E)lkeio:(n—1), [R(2, k)]ke[o (n=1)]- - +» [h(nr,k)]ke[o:(n_l)]). As dis-

cussed above, each g; (n Zrs (ys)— k) can be realized by a network ¥, T“ € Ny with M(\Ilzié“) < 8n+225—8,

- Xrt1
E(\I/z;;“) = s+ 3. We will also need the identity networks ®:/3(z) = (po--- o p)(z) = , for all x > 0, with
M(®53) = s+3, L(®5]?) = s+ 3. Finally, by [0 Lemma I16], there exists a network ¥ realizing the function
Pic[inr] fX:*:l( i), and with > € Nn{ MUZ) < dpmti (D) = 2. We shall also need the extension of 28
to a network of depth s + 3 according to U* = p o ... o p o U¥ with M(U¥) < 4n"t! 4 s+ 1, L(UF) = s+ 3.
The proof is now concluded by realizing the map M" as a ReLU network ¥™" according to
UM (g1, g, Yo ger)
7,41

= v i:| 7‘1) n” (I)‘?J'_S n” 7'7&}2 P ’VLT>'
([ 0] iy gy B ) @5 ) P, )

Se.g., for n = 2,7 = 3, the order is z§ = (0,0),2z2 = (0,1),2z3 = (1,0),z3 = (1,1).
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Application of [9, Lemma IL5] now yields UM € N,.r i1 gy g With M(UM7) = O(n"+24-sn7F1), L(IM7) =
s+ 3. O

The next result characterizes the ReLU networks realizing the transport map and quantifies their size in terms of
connectivity and depth.

Lemma VLS. For every px € Es [0,1]¢ with d > 1, the corresponding transport map
Mz — (Z1(z,s), Za(z,8), ..., Za(z, )

can be realized through a A-quantized ReLU network WM € N 4 with M(UM) = O(nd + sn=1), L(TM) =
(s+3)d—s—1, and A= 2.

Proof. Consider the map M’ := M 20 M4 1o...0 MO,
M :x— (Fd_l(x, zY,5), Fy_1(x,22,5),...,Fy_1(x, zgd_l,s), Z1(x,8), Zo(x,8),..., Zg—1(x, s)),

where the M", r € [0: (d — 2)], are as defined in Lemma Since by Lemma Mmre0:(d-2)],
can be realized by a network with connectivity O(n"*2 + sn"*1) and depth s + 3, it follows from [9, Lemma
I1.3] that the map M’ can be implemented by a network U’ € N} a-1 4 1, with M(¥') = O(n? + sn=1),
L(P') = (s + 3)(d — 1); here, we used ZZ;S O(nkF*2 4 sp*+1) = O(n? + sn?=1). Next, consider the map

S (y1,~--,ynd—1+d_1) - (p(ynd—1+1),p(ynd—1+z),---,p(ynd—1+d_1),p( > yi)),
i€[1nd—1]
and note that by [9. Lemma IL5], there exists a network U € Na-1,4 14 with M(¥%) < n?=1 4 2d — 1,
and £(U®) = 2 realizing S. The proof is concluded by noting that, thanks to [0, Lemma I1.3], the desired map
M = S o M’ is realized by the network UM := U¥(¥'(z)), UM € N 4 with M(UM) = O(nd + sn™1),
L(V') = (s+3)d — s — 1. Moreover, the weights of ¥ are either of Type 1 or Type 2 w.r.t. A-quantization. [J

We are now ready to state the main result of this section, namely that for every quantized histogram distribution
px and every € > 0, there exists a quantized ReLU network VU satisfying W (U#U, px) < e. In particular, we also
quantify the dependence of ¢ on the resolution n and the dimension d of px as well as the depth of the network
v,

Theorem VI.6. For every 0-quantized px € 55[0, 1)¢ with d > 1, there exists a A-quantized ReLU network
U € N g with M(¥) = O(nd + snd 1), L(V) = (s+3)d—s—1, and A = %, such that

Vd

n2s’

Proof. By Lemma for every px € s [0,1]¢ with d > 1, the corresponding transport map
Mz — (Z1(x,s), Za(x,8), ..., Za(x, 8))

can be realized through a A-quantized ReLU network ¥ € N 4 with M(¥M) = O(nd + sn?=1), L(TM) =
(s+3)d—s—1,and A = 2. Moreover, as &[0, 1]¢ C £[0,1]¢, it follows from Theorem that

W(\I}]W#Uv pX) < \/;i

T n2s

We note that for fixed histogram resolution n, the upper bound on the approximation error (24) decays exponen-
tially in s and hence in network depth £(¥). In particular, choosing s ~ n, guarantees that the error in Theorem
decays exponentially in n while the connectivity of the network is in O(n?); this behavior is asymptotically
optimal as the number of parameters in Es [0,1]¢ is of the same order.

(24)

O
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VII. APPROXIMATION OF ARBITRARY DISTRIBUTIONS ON [0, 1] BY QUANTIZED HISTOGRAM DISTRIBUTIONS
This section is concerned with the approximation of arbitrary distributions v supported on [0, 1]¢ by §-quantized
histogram distributions of resolution n as defined in the previous section.
Define the k-dimensional subcube c;, = [i1/n, (i1 +1)/n] X [ia/n, (ia +1)/n] X -+ X [ix/n, (i + 1)/n], where
i = (i1,42,...,1) € [0:(n — 1)]*, and its corner point

i1 i ig
Pi, =\ —s—H s — |-
n n n

Next, we discretize the domain [0, 1]¢ into the subcubes ¢;, and characterize the amount of probability mass v
assigns to the individual subcubes. First, set
my, = v(ay,).

Then, for k € [1:(d — 1)], we define the projections Py, : R? — R* (z1,...,2%,...,24) = (z1,...,7) and the
corresponding k-dimensional marginals v, := P#v with weights

mi, ‘= l/k(cik).

It will also be useful to define conditional masses according to n;, = m;, and, for k € [2:d], for alﬂ ir—1 with
Mgy # 0,

myi,,
Ny, = —.
Mig_y

For m;, , = 0, we can, in principle, set the conditional masses arbitrarily, but, for concreteness, we choose

Now that we have defined the masses m;, and the conditional masses n;, for the distribution v, we can proceed
to derive the masses 7, and 7;, of the corresponding d-quantized histogram distribution. Denote the index of the

subcube with the highest (original) mass in the first coordinate asE]
i’{(i”) = argmax m;,. (25)
11 €[0:(n—1)]

If there are multiple subcubes with the same maximal mass, simply pick one of them (it does not matter which
one). Now, for k =1 and i; # ii(l‘)), we choose the quantized masses as follows,

(5[%7711'1-‘, if mg, > 0

1)

Thil = ﬁil = . ,
s if mg, = 0

. k(1
and for i; = 11( 0),

miI(iU) = ’ni;(i(,) =1 Z My, -
il#ii(m)
Note that with this definition, the quantized masses m;, are always nonzero for i; # ii("’), even in subcubes where
the original masses m;, are equal to zero. We will later verify that this is also the case for i; = flk(l‘)) whenever
0 < ﬁ For k > 2, we similarly borrow mass from the subcube with maximum mass, and we do so in each

coordinate individually. To this end, for each k € [2:d], we set for all i;_1,
iz(ik’l) (= argmax mj,.
i, €[0:(n—1)]

4Throughout, we use the symbols i7 and 41 interchangeably.
SFormally, io, albeit not defined, would correspond to a 0-dimensional quantity. It is used throughout the paper only for notational consistency.
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As in the assignment (23)) for the first coordinate, if there are muluple such values, any of them will do. To define

! and each iy # zk('k Y,

the quantized conditional masses, we set for each iy € [0:(n — 1)]*

— 5f%nik1—6[§m“‘:kj, it ms, > 0
- if mi, =0

)

as long as m;, _, > 0. If m;,_, =0, we let

We can then define the quantized weights according to

’I’hik = mik,l'ﬁik = Ny, * - Ny -
Finally, for i) = iz('k’l), we set
n(ik 1 i*(ikﬂ)) =1- E : Ml _1,ik)
R G
i Fly,
and correspondingly
m (i ) =My n (ip_1) Zﬁ. e (i_1) R T
<1k iy ig—1 ) 1g—1 (1k717 i i1 ) (lk—lalk ig_1 ) iy

We now check that the quantized weights verify the following properties:
1) Correct marginals:

Zm(lk k) T Z 7fh(ikil’ik)+Th(lk 1, *(lk 1))

1e=1 ik;éi:;(‘k—l)
= E mik—ln(ik—hik)+mik—1n(lk | i Ok—1)
ke
. (i)
il R
= Mip_y E N(ig_1,ix) + 11— E : N(i_1,ix)
. (i 1) . (i)
izt e izt
= Mij, -

2) If 6 < - then all quantized masses are positive. To this end, we first note that

m (ig—1)
_ (ik—lazk k 1) 1
Moo ) T T m o

, we have by definition

1)’

Since for i) # iy, *(ik-1)

ﬁik — nik S (5,

it follows that

n sy = 1 — E (i ;
(lk i k— 1) (ik—1,%K)

. (i 1)
il

> 1= Z (n(ik—hik) + 6)

ik#iz(ikfl)
= Tl( (i 1)) - (’ﬂ - 1)(5
1 — 17Zk
1 -1
L1on-1l

n  n(n-—1)
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We next formalize the procedure for going from the original masses mj, to the quantized masses mj, by
characterizing a transport map effecting this transition.

Lemma VIL1. Let k € [1:d)], v a distribution supported on [0,1]* and with masses ms, in the subcubes c;, and
conditional masses ns,,, all as specified above. Let the quantized masses T, and the conditional quantized masses
M4, also be given as above. Then, for all iy, we have

k=1 'k

k
mik - mik + Z X[O(nfl)]\{ .*Eik/—1>}(ikl) T(i’ k? kl + ]‘)(ﬁik/ - nik/)Tn(i’ k/ - ]'7 1)
(26)

k
- Z x{imk,_l)}(ik/)T(i, k, 4 + 1) (TLik, — ﬁik,)Tn(i, kK — 1, 1),
k!

k=1
where
ip © 77 Mg, if b Z
Y@, bya) =4 P e a
L, else
Y Ny, -+ N, if b=
T(i,b’a):{nb na 1 a
L, else
and
T3, b a) = () tha(ia), D> a
1, else
with

. (ig) = 4 if g £ i
lk ' Niy if ik = Z']:(lkil) '

The proof of Lemma is provided in the appendix.

We are now ready to state the main result of this section. Specifically, we establish an upper bound on the
Wasserstein distance between a given (arbitrary) distribution v supported on [0,1]¢, for any d € N, and the
corresponding §-quantized histogram distribution of resolution n obtained based on the procedure described above.

Theorem VIL.2. Let d € N. For every distribution v supported on [0,1]%, there exists a §-quantized histogram
distribution p of resolution n such that

Wi(u,v) < M + dd+1) (n—1)é.
n 2
Proof. The proof proceeds in three steps as follows.
1) For each iz € [0:(n — 1)]¢, we redistribute the mass m;, = v(c;,) to a point mass concentrated in the corner
point pj,.
2) We transport the masses m;, according to the procedure described above to result in the masses m;,, still
located at pj,.

3) For each iz € [0:(n — 1)]%, we spread out the mass 772;, uniformly across the subcube indexed by ig.
Step 1. We define the distribution
v = Z Mig 5pid

ig€[0:(n—1)]4
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and note that transporting v to v’ incurs transportation cost

W(v,v’)ggjmid \/(i>2+---+<i)2=2mid‘f=f- 27)

maximum distance in each subcube

Step 2. To redistribute the masses from the original values m;, to the quantized values m;,, we proceed co-
ordinate by coordinate. Specifically, in the k-th coordinate, we carry out two (sets of) transportations. The first

one moves, for fixed 41,...,%—1,%k+1,...,%4, mass from the point p Gr_1) to the points

. (7;17~~~77:k71;i;; Jkd1sstd)
Dliroorsin v sinsinsssia)» for all i 7 iz(l’“’l), and does this for all tuples 4y,...,45_1,%%+1,-..,iq. The second
set of transportations reconfigures masses in the coordinates [1: (k — 1)] so as to obtain the correct marginals in
coordinate k. These reconfigurations moreover preserve the marginals in coordinates [1:(k — 1)]. We make all this

precise through the following claim, proved below after Step 3 has been presented.

Claim: Reconfiguring the masses between the corner points such that the mass in the point p;, is given by

My Gy ,
(3 EEEREW) slk+15--+50d

m (g 1)
<i17~~'vik/ A )

Y(i, kK +1)(Ra, — i, ) Y7 K —1,1) (28)

k
e kzﬂ X[o:mfl)l\{ '*“k'_l)}(ik/

lk/

k
-y x{i*(ik,q)}(ik,) Y@, d, K + 1) (s, — 7, ) Y70 K — 1,1),
k=1 K/

where
m,. g _q) . . = E m,. (i _q) )\
U1 yennyl Thd1s--vsbd . . T yeeesl Tyt censtd
st stk+1s000y Gt 0ok s k! k4100

yields the correct marginal masses 7n;,, in all coordinates k" € [1:k] and comes at a Wasserstein cost of at most
k(n—1)d, i.e., the Wasserstein distance between the configuration of masses before the moves and the configuration

after the moves is at most k(n — 1)d. There is a slight complication when m , ., )\ = 0 as in this case the
LLyeenslyy

fraction in (28) is technically undefined. However, analogously to the definition of the n;, in the case of zero-masses
in the discussion preceding this theorem, we take

m (g _1)
<i17~---,ik,k ! ,ik+17~»-»id> 1 d—k
m (igr 1)
(117k, k=1 )

when m<_ G_p\ = 0. In either case, we have
LLyeeslyy )

my. (s _q) ,
Lseeslyy slk+15-005%d

=1.

2.

) . m (g 1)
Tk4+15--+32d <i1""77;k/ k' —1 )

We note that the transport map in the Claim characterizes, at a high level, the state of the masses at an intermediate
step in the transportation, while describes the “final state” after all the moves have been completed in coordinate
k.

If we accept the claim and apply it for £ = d in combination with Lemma |VIIL.1| it follows that the masses m;,
are, indeed, redistributed to the masses m;,. Moreover, we get that the total cost of the transportations in Step 2
effecting this redistribution is upper-bounded by

dd+1)

(n=1)8+2(n—-1)0+ - +dn—-1)0 = =

(n—1)6.
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Step 3. The Wasserstein cost associated with spreading out the masses 7;, uniformly across their associated subcubes
follows from (27) as

- Vd
Zmidapida/‘ < e
igq

Using the fact that Wasserstein distance is a metric, we can put the costs incurred in the individual steps together
according to

W(,LL, Zmld Pig +W Zmld Piy 7Zmld Pig +W Zmidépidvﬂ

iq

Step 1 Step 2 Step 3
1
SE—FM(H—l)(s-Fﬁ
n 2 n
_2vd Ld; Y —1)s.
n

It remains to prove the claim.

Proof of the Claim. We proceed by induction on k and start with the base case k = 1. The statement on the
transportation cost associated with does not need an induction argument, rather it follows as a byproduct of
the proof by induction. Evaluating the transport map for k = 1 yields

(lI(‘O)ﬂzwad)

mi, —m;
)=

mi, + X[U:(nfl)]\{ii(iO)}(Zl)

B A LR i
— X[ .G ) m;, — M, ).

X{Zl(o)}( 1) mi*(io) ( i1 11)

1
Since masses are moved in the first coordinate only and (m;, — m;,) <6, for i1 # iI(IO), the Wasserstein cost of
the overall transportation satisfies

*(l 19 yeeytd
Z Z <)> (M, —my,) < (n—1)0.

*(ig)
11#1){(‘0) i2,..

Furthermore, we obtain the desired marginal masses in ¢; as a consequence of

(5090, ia) | N N
Z mi, + | —————= | (7, —my,) | =mi, + (Mg, —my,) = My,
. . M .«(ig)
12,5-.52d 21
This completes the proof of the base case.

We proceed to establish the induction step. Assume that transportations were conducted in coordinate k according
to (28) and that all marginal masses up to and including coordinate %k are as desired. We consider the transport

equation in coordinate k + 1, i.e., the sums in (28)) range from 1 to k£ + 1 and start by pointing out that

) L (i) )
(741~,~‘-a'bkvlk+lf -,1k+27~~,1d>
*(ig)

. . .\n,. o (ig) . e, (i) . =
(11?“‘71k+1 yersld) (11,...,zk+’{ yeensbd—1) (11,...,zk+’{ Jik42) my. «(ip)
(11 77’k77’k+1 )

The first set of transportations (corresponding to the index &' = k + 1 in the transport equation (28] evaluated for
coordinate k£ + 1) hence amounts to moving, for fixed 41, ..., %k, ix+2, .. -, i4, the mass

. L x(ig) .
(117--~7lkﬂk+1 7zk+27--~71d)

m(il Qg0 (lk)> (nik+1 B ﬁik+1)Tn(ia k?, 1)
BRI
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out of the point p(il’ .,,ik.,iZﬂ:’f),in,..qid)

i k:(ﬁ) Note that for i = i,:gi’j), the quantity (ni,,, — i, ) is positive by definition of 7. These transportations

are conducted for all possible tuples %1, ..., %k, k42, . ., i4. The Wasserstein cost associated with the collection of
these transportations satisfies

IS

and redistributing it across the points P(;, . iy ixi1,inias...siq)s LOT ikt1 7

m. o ox(ip) . .
L1seeeslhesly 7 5lk+250052d

(’flikJrl — nikJrl)Tn(i, k, 1)

Y Finp17ig, 70k G2yt m(il Jkﬂz(;’i))
- Z Z (ﬁikJrl - nik+1)Tn(ia k?, 1)
i1, lk+17$74 (k)
<=5 > Tk
D1 yeeeylk
<(n—-16 Y Tlk1)
D1 yeeeslk
=(n—1)4,

where the last inequality follows because 7;, (i) = 74, exactly when i, = i, *(de— 1), in which case we have

. < nj,. The second set of transportations reconfigures the masses in the coordlnates k' < k in order to obtain
correct marginals in the (k + 1)-th coordinate. To this end, we first note that, for each k' < k, for all iy, the
following identity holds

My Gy . LSOV ) LSOV I .
L1yeeeslyy sUk4+15-+252d Llyeensyy sUk+25052d L1yeeeslyy sUk415--052d
= )
me sy My gy My Gy .
Llyeeeslyy U1seeeslyy T1yeeestyy ylk42500050d
independent of 441 sums to 1 in 741
aslongasm, ., ). NN F#F0. Ifm,/ Gy ~\ = 0, then, as usual, we set

(ll,-n,lk/ ,Zk+2-,--~7ld> (11,---,2k1 7'Lk+27~--ﬂd>

m,. (i _q) .
Llyeenslyy sUk+15-005%d

1
my. i) ) n
Llyeenslyy sUk+25052d

Specifically, noting that by the induction assumption transportation according to (28) was carried out in coordinate
k, we would like to reconfigure, for each k' < k, the masses

my. (i _q) m (i _q)
(zl,...,ik, k=1 ,ik+2,...,id> (n,...,ik, M 1y ia 5
T(i, k, E + 1)
m,. (g _q) m, (g _q) )
Llyeenslyy Llyeenslyy sUk+25--5%d
~ . /
(72, —ni,, ) Y71, K —1,1) (29)
into
m, (i) . .
LLseenslyy sUk+25-05%d - , ,
iy YA, by K+ 1) (R, — gy, ) Y71, K — 1,1). (30)

m,. (g _q)
Llyeenslyy

This reconfiguration is possible as only one term in each (29) and (30) depends on iy and

m *(igr_q)
. . k' -1/ . .
('Ll»---ﬂk/ »lk+lv---71d>
PBINESEDY

m *(i )
: ; . SR 1) ;
Th41 k41 (zl,...,mk, 77/k'+27---71d>




Masses to be moved in this manner appear for all 41, ..., 95 1, 8%/, ik/o 1y - -« bks Tty - -, Ig With i £ i;;,l"/ 1).
It follows by inspection of the transport map that these transportations do not alter the marginals for &' < k
as, for given k', the mass moved out of the point p 4 RO \» accounted for by the sum with
(1,1, il Z 10ty 7Zk’+11-"7zd>

negative sign in , equals the total mass moved into the points P11 , for iy # Z*(Wﬂ),
accounted for by the sum with positive sign. These moves hence retain the marginals for k:’ g k, which are correct
by the induction assumption. Before establishing that the desired marginals in coordinate k + 1 are obtained, we
compute the Wasserstein cost associated with the mass reconfiguration moves according to

o S S S

yeenstys 7ik+2,-~7id>
m (s _q)

S * (i . U1

[ARTRRN TN oy Gpr 1) Gpr g 1seenslle kg2, (zl,...,zk, )

(723, — ni,, )Y, K —1,1)

> > Z T(l ke k' 4+ 1) (75, — i, )Y, K —1,1)

[E R SOy

T,k k' +1)

*(igr_q) zk/+1,

zk/;ézk,
= > >, —m)TMAK -1
D1geenylpl 1%/#2*5%’ 1)T
<(n—-1)0 Z Y"1,k —1,1)
U1yl 1

(n—1)0 Z TG,k —1,1)

U1ty g

= (n—1)d.

We must carry this out for all ¥’ € [1:k], which results in a Wasserstein cost of k(n — 1)§ for the reconfigurations.

Altogether, we have a Wasserstein cost of
(k+1)(n—1)8

incurred by the moves corresponding to coordinate k + 1.
Next, using 73, ,, Y(i,k, k" +1) = T(i,k + 1,k + 1), it follows that the updated mass in the point p;, is given

by

m .
k+1 (il,...7i:lk/_1>,ik+2,...,id>
i+ 7
B Ml Ty
Y@,k + 1Lk +1) (s, —ni, ) Y715 —1,1)
k+1
= X[ ety o (i) T d K + 1) (s, — 7is,, )Y K — 1,1).
k/=1 {k’ }

Finally, we need to check that the marginals in the (k 4 1)-th coordinate are, indeed, given by 7n;, . This is
accomplished by noting that owing to Lemma |VIIL.1} we have

m % (i
k+1 <i1,...,ikflk,_l),ik+2,~~’id>
§ mi, + E X *(ir_q) (Zk")
) ) — "[0:(n— 1)]\{ k 1} s i 1)
Thkt2y-ensld k=1 U15eety,

Y, k+ 1,k +1) (R, —m,, ) Y70 K —1,1)
k+1
-y X{ i 1)} (ix) Y, dy b+ 1) (g, — 7, ) Y73, K —1,1)

=1 "%
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= My,
k+1
. i) T, k+ 1,k +1) (g, —ni, )Y"0, K — 1,1
+k’zl [0:(n— 1)]\{ A 1)}(%) (1 i i )(nk nk) (1 )
k+1

_ Z X{ v 1)} (i) YA, b+ 1K + 1) (ng, — s, ) Y0, —1,1)
=1 "%

=mik+l.

This concludes the proof of the induction step and hence establishes the claim. [

VIII. APPROXIMATION OF ARBITRARY DISTRIBUTIONS ON BOUNDED SUBSETS OF R? WITH GENERATIVE
RELU NETWORKS

In this section, we put all the pieces developed together and state the main result of this paper.

Theorem VIIIL.1. For every distribution v supported on [0, 1]%, there exists a %-quantized ReLU network ® € N1 4
with M(®) = O(n + sn=1) and L(®) = (s + 3)d — s — 1 such that

W(S#U,v) < \g vl , (d;U

Proof. The proof follows by application of the triangle mequahty for Wasserstein distance in combination with

Theorems and [VIL.2] according to

(n—1)5. (31)

2 d+1
W(SHU,0) < W@HU, )+ W(av) < 20 20 AED ()5
where p denotes the J-quantized histogram distribution of resolution n per Theorem |[VIL.2| O

When the target distribution is uniform, Theorem [VIILI] recovers [2, Theorem 2.1]. We can simplify the bound

i -1 1 . :
ll by setting '6'f A )nn=)] (which satisfies the requirement § < n(n Ty guaranteeing that all quantized
weights are positive) to obtain, for n > 2,

d

The error bound in illustrates the main conceptual insight of this paper, namely that generating arbitrary d-
dimensional distributions from a 1-dimensional uniform distribution by pushforward through a deep ReLU network
does not come at a cost—in terms of Wasserstein-distance error—relative to generating the target distribution from
d independent random variables. Specifically, if we let the depth s of the generating network go to infinity, the
first term in the rightmost expression of (32) will go to zero exponentially fast in s—thanks to the space-filling
property of the transport map realized by the generating network—Ileaving us only with the second term, which
reflects the error stemming from the histogram approximation of the distribution. Moreover, this second term is
inversely proportional to the histogram resolution n and can thus be made arbitrarily small by letting the histogram
resolution n approach infinity. The width of the corresponding generating network will grow according to O(n?).

Theorem applies to distributions supported on the unit cube [0, 1]%. The extension to distributions supported
on bounded subsets of R? is, however, fairly straightforward. Before stating this extension, we provide a lemma
that will help us deal with the scaling and shifting of distributions.

Lemma VIIL2. Let p,v be distributions on R* and let f : R — R? be a Lipschitz-continuous mapping with
Lipschitz constant Lip(f) < oo. Then,

W (f#u, f#v) < Lip(f) W(u,v).
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Proof. Let  be a coupling between p and v and let g : R?? — R?%; (yq,y2) — (f(y1), f(y2)). Then g#r is a
coupling between p and v and

Wt f#) < [ i =vall dlo#m) (1.
= [ 1560) = fw2)l dryr.ve)

<Lip(f) [ Iv1 =¥l dr(y1.y2) = Lin(f) W), =

We are now ready to state the extension announced above.

Theorem VIIL3. Let v be a distribution on R? supported on S = «[0,1]9 + B for a > 0 and B € R% Let
g(x) = L(x—B) and § = m. Then, there exists a %—quantized ReLU network ® € N 4 with

M(®) = O(n? + sn?=1) and L(®) = (s + 3)d — s — 1 such that
Vi m)

n2s + 2n

W (g™ ##U,v) < a(

Proof. We first note that g—! is Lipschitz with Lip(¢~!) = «. The result then follows immediately from Lemma
VIIT.2| combined with by taking ® € N; 4 to approximate the distribution g#v according to Theorem [VIILI
O

We finally remark that g~! by virtue of being an affine map can easily be realized by a ReLU network.

IX. COMPLEXITY OF GENERATIVE NETWORKS

In this section, we compare the complexity of ReLU networks generating a given class of probability distribu-
tions to fundamental bounds on the complexity of encoding classes of probability distributions through discrete
approximations, a process commonly referred to as quantization [12]. Specifically, complexity will be measured in
terms of the number of bits needed to describe the generative networks and, respectively, distributions. We begin
by reviewing a fundamental result on the approximation of (non-singular) distributions.

Definition IX.1 ([12]). For n € N and the non-singular distribution v supported on [0,1]%, we define the minimal
n-term quantization error as

Vo(v) := inf{W (v, ) : |supp(p)| < n}.

The quantity V,,(v) characterizes the approximation error—in Wasserstein distance—incurred by the best discrete
n-point approximation of v.

The next result, taken from [12], states that this approximation error exhibits the same asymptotics for all (non-
singular) distributions satisfying a mild moment constraint.

Theorem IX.2 ([12| Theorem 6.2]). Let X be a random vector in R® with X ~ v, where v is non-singular and
supported on [0,1]%, and E|X||**% < oo for some § > 0, where || - || is any norm on R%. Then,
lim n'/?V,(v) = C,

n—oo

where C' > 0 is a constant depending on d only.

Theorem allows us to conclude that the best-approximating discrete distribution must have at least n =
O(e~4) points for V,,(v) < e to hold. As Wasserstein distance is a metric, we hence have a covering argument
which says that the class of (non-singular) distributions v supported on [0, 1]¢ (and satisfying the moment constraint
in Theorem has metric entropy lower-bounded by d log(s~!) bits. Although this lower bound is very generous,
we demonstrate next that it is achieved for quantized histogram target distributions encoded by their generating
ReLU networks.
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Lemma IX.3. Consider the class of quantized histogram distributions E5[0,1]% and let € € (0,1/2). Then, there
exists a set of 2-quantized ReLU networks ®(e, -) of cardinality 2°®), where {(c) < Clog(¢~), with C' a constant
depending on d, 6, n, such that
sup W(®(e,v)#U,v) <e.
ve€s[0,1]¢

Proof. By Theorem for every distribution v € &[0, 1]¢, there exists a %-quantized ReLU network ®, with
M(®) = O(n? + sn?T) and L(®) = (s +3)d — s — 1, such that
W(P#U,v) < \/g =€
n2s

Note that d,n,d are fixed and ¢, as a function of s, can be made arbitrarily small by taking s and hence network
depth to be sufficiently large. In particular, network depth needs to scale according to O(log(¢~1)). The resulting
network ® will hence depend on v and ¢, indicated by the notation ®(e, v) used henceforth. Next, using % <1/2,
which is by assumption, it follows from [9, Proposition VL.7] that the number of bits needed to encode ®(e, ) in
a uniquely decodable fashion satisfies

U() < Co (M(®(g,v)) log(M(®(,v))) + 1) log(n/d) < C(d,5,n)log(e ). (33)
O

Remark. We note that the quantized networks considered in the present paper differ slightly from those in [9]] as
here we employ two types of quantization, namely Type 1 and Type 2 (see Definition [VI.3), while in [9] all weights
are encoded using Type-1 quantization. This does, however, not have an impact on the bound on ¢(g) in (33),
in fact, only the constant Cjy changes relative to [9, Proposition VI.7]. More specifically, to encode the quantized
weights in the generative networks considered here, we only need one additional bit per weight signifying whether
the weight is quantized according to Type 1 or Type 2.

Lemma[[X.3|tells us that encoding (or quantizing in the sense of [[12])) the class of quantized histogram distributions
by pushing forward a scalar uniform distribution through generative ReLU networks achieves the metric entropy
limit of O(log(¢~1)) as identified in Theorem We hasten to add that a metric entropy scaling of O(log(e 1))
for (quantized) histogram distributions of dimension d, resolution n, and quantization level ¢, all fixed, is what one
would expect as we essentially have to encode polynomially (in n) many (quantized) real numbers. For general
(non-singular) distributions, which constitute a much richer class than (quantized) histogram distributions, we can
establish an O(¢~%) (up to a multiplicative log-term) complexity scaling for their corresponding generative networks,
formalized as follows.

Lemma IX.4. Consider the class of non-singular distributions supported on [0,1]%, denoted by F([0,1]%), and
let ¢ € (0,1/2). Then, there exists a set of quantized ReLU networks ®(e,-) of cardinality 2°®), where ((s) <
Ce=%log®(e™ 1), with C a constant depending on d, such that
sup  W(@(e,v)#U,v) <e.
veF([0,1]4)
Proof. By Theorem [VIIL 1} for every distribution v supported on [0, 1]%, there exists a %-quantized ReLU network
®, with M(®) = O(n? + sn?1) and L(®) = (s + 3)d — s — 1, such that

vd  2Vd  dd+1)

<
We#Uv) s 5o+ 2

(n —1)d.
Setting § = — and s = log(n), we hence get

W(®#U, v) < MTH =

67

for a —>-quantized network ®(z,v), with M(®(g,v)) = O(n?). Application of [9, Proposition VI.7] allows us
to conclude that the number of bits needed to encode ®(e,r) in a uniquely decodable fashion satisfies £(g) <
Co (M(®)log(M(®)) + 1) log(nd?) < C(d)e~%log?(¢~'). We note that C(d) scales very unfavorably in d,
namely according to d%/2. Finally, we remark that the application of [9, Proposition VI.7] requires that ﬁ <1/2,
which is satisfied if at least one of n,d is strictly larger than 1. O

31



APPENDIX
Proof. Note first that

. . *(1g7
0, if iy = zkg’“ v

. . i —
1, if ip #zk/ k=)

[0 (n— 1)]\{ (g 1)}(ik/){

Yy i) = L e
i* i1 _q - *(1pr 4 9’

% 1, if i =iy,

and

so for a given i only one of the two x-terms above is active. Terms with iy # z';f‘k’*l) correspond to subcubes to

which we add mass to get the quantized masses in the k’-th coordinate, while terms with iy, = @ ,; W) correspond

to the subcube from which we take this extra mass. Correspondlngly, we refer to terms with i # @ k,l’“/ 1 as 4
terms”, while we designate terms with i = Zkgl"/ 1) as “_ terms”. By construction, (7, — nj,,) > 0 for + terms,
while (nik, — ﬁik/) > 0 for — terms. In evaluating the sum li we consider three different cases.

Case 1: All terms are + terms. In this case, the sum becomes

k
mi, + > Yk k' + 1) (s, — i, ) CEE —1,1)
k'=1
k B k
=mi, + > TEEF)TEE —1,1) = > T kK + DT3E K1)
k'=1 k'=1
k — ~
=ms, — Y(i,k, 1)+ T( Z K—1,1)= Y TG kK +1)YEE, 1)
\‘,_/ \w_/ — =1
=My, = My,
k—1
=i, + Y Tk K+ 1D)YEE, L ZT kK +1)T3E, K1)
k'=1 k'=1
= 7y, .
Case 2: All terms are — terms. In this case, the sum is
k
= YR K 1) (s, — s, ) TEE - 1,1)
k'=1
k ~ k ~
=mi, + Y T EK+DYEE, 1) = Y YAk E)TEE —1,1)
k'=1 k'=1
k—1 k ~
=my, — T,k 1) + Tk D)+ Y YEEE + DTEE, D) = > TEEE)TEE —1,1)
k'=1 k'=2
= 7, .

Case 3: There is at least one + term and one — term. Let the indices of the + terms be given by
LN 7

and those of the — terms by
{kT, . kg )

with both sets arranged in increasing order and ¢ + {5 = k.
We first consider the sum of the — terms given by

|2
> TGk kg +1)<nl —fzik>’r’7(i7k€ —1,1) (34)
£

{=1
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and establish a cancelation property of successive terms in this sum, leaving only the border terms to be considered.
Indeed, take ¢ such that 1 < ¢ < {5, with the corresponding term given by

Y(i,k Kk, + 1)nik7 Y7(i,k, —1,1) — Y(i,k,k, +1) i _ T7(i,k, —1,1). (35)
4 4
Next, note that the positive part of the term corresponding to the index ¢ + 1 is given by

Y(i, k, ké_-i-l +1)n; _ Y4, k€_+1 -1,1)
kopa

=T,k k + 1) - oy Sy
0+1 i i i
+ L T ¢ tt

P i kT —

nlsz Lk, —1,1), (36)
since all indices that lie strictly between k, and k, ,, if there are any, correspond to + terms. Comparing
with reveals that the positive part of the term corresponding to £+ 1 cancels out the negative part of the term
for £. Similarly, the negative part of the term corresponding to ¢ — 1, given by

=Y,k k,_y + 1)T~Lik7 Y7(3i,k,_, —1,1),
-1
cancels out the positive part of the term for index ¢, which is given by
Y(i,k,k, +1) ni _ T7(i,k, —1,1)
4
=T(i - s e 7 i kT . —
=T,k k, + 1)n,k7 ni _ n o ony o YLk, —1,1).

‘ ¢ kp_1tl Ry

Hence, the only contributions remaining in the sum (34) over all the — terms are the negative part of the term
corresponding to the index /> and the positive part of the term for the index 1, i.e.,

Lo
> TGk Ry + 1)<nik_ — 7
(=1 ¢

=T,k k +1) ni _ Y7(i, by —1,1) — Y(i, k, Kk, + 1)7:“,; T7(i,k,, —1,1)
1 L2

=Y(@i,k ky + 1)nik; Y,k —1,1) — Y(i,k ky, + 1)ﬁi% (i, k,, — 1,1)

= my, — Y(i,k, k,, + 1)ﬁik— T, k,, — 1,1),

L2

_>T"(i, kp —1,1)

ky

since indices smaller than k" necessarily correspond to + terms.

We proceed to the sum over the + terms. A similar cancelation property between consecutive terms in the sum
can be established so that we are again left with contributions from the first and the last term only. Indeed, take ¢
such that 1 < ¢ < ¢;, with the corresponding term given by

(@i, k, k) + 1);%+ T,k —1,1) — T(i, kb + l)nik;T"(i,kj —1,1).
The positive part of the term corresponding to the index ¢ + 1 is given by

Y,k kfy +1) ﬁikalrn(i, ko, —1,1)

=T,k ki + Vg, 7, oo ﬁik;q—l TG,k - 1,1),

041 041

ni +
since all indices that lie strictly between kZ and kZ'_H, if there are any, correspond to — terms. We can hence
conclude, as above, that the positive part of the term corresponding to £ 4+ 1 cancels out the negative part of the
term for ¢. By the same argument, the positive part of the term for ¢ is cancelled out by the negative part of the term
corresponding to £ — 1. Overall, the only remaining contributions are the negative part of the term corresponding
to /1 and the positive part of the term for the index 1, i.e.,

£y
Z T(i, k, kz_ +1) (ﬁik+ - nik+>Tn(i, k'zr -1,1)
o ¢ ¢

=T,k 1) = T, kK + D Y70k, —1,1)
£y

iy, — Y,k b +1) i 7,k - 1,1).

33



Putting pieces together, (26) reduces to

my, + My, — My,

+ T,k ky, + 1)77%2 (i, k, —1,1) (37)

— Y@,k K+ Dms , Y705 k7 —1,1).
£1

There are two possibilities to consider now, either kZ =kork, =k If k;g = k, then 1i becomes

My,
+ Y3,k ky, + 1)fzikz (i, kg, — 1,1)
2
s ey 7 i kT —
nlkz+1 n‘%+1 4 ZZT (1,]642 1,1)
:mik7

since, by definition, k, is the largest index corresponding to — terms. On the other hand, if k,, = k, then
reduces to

my,
~ ~ . JF
+ng _ooeeng o omg YK —1,1)
k, ki +1 kg 1
2 1 1

— Y,k k) + 1)nike+ (i, kL —1,1)
1

= myj,,

since, again by definition, kZ is the largest index corresponding to + terms. This concludes the proof. O
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